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When an eletrially harged system is subjeted to the ation of an eletromagneti eld, it
responds by generating an eletrial urrent. In the ase of a multiomponent plasma other eets,
the so alled ross eets, inuene the ow of harge as well as the heat ow. In this paper
we disuss these eets and their orresponding transport oeients in a fully ionized plasma
using Boltzmann's equation. Appliations to non-onned plasmas, speially to those prevailing
in astrophysial systems are highlighted. Also, a detailed omparison is given with other available
results.
I. INTRODUCTION
In this paper we address ourselves to the study of the behavior of a fully ionized dilute plasma
whih is subjeted to the ation of an eletromagneti eld. Although the primary response of
the plasma to an eletri eld is the generation of an eletrial urrent, if a magneti eld is also
present other eets arise inluding a heat urrent. This gives rise, aording to the tenets of
lassial irreversible thermodynamis (CIT) to a number of interesting and important ross eets
whih, to our knowledge, have reeived little or no attention in the literature when examined under
the framework of mirosopi equations. This is the main objetive of our work, to use the well
known Boltzmann equation to alulate the expliit forms of the ux-fore relations demanded
by CIT and provide expliit expressions for the ensuing transport oeients as funtions of the
density, temperature and magneti eld. We believe that the results will turn out to be valuable
for many astrophysial systems and also other situations related to non-onned plasmas.
To ahieve this program, in Setion II we summarize the kineti basis of the problem using
standard tehniques of the kineti theory of gases, in Setion III we establish all ux-fore relations
appearing in the system inluding the expliit alulation of the transport oeients, and in Setion
IV we present a ritial disussion of our results inluding a omparison with others available in
the literature.
2II. KINETIC BACKGROUND
Foundations of the methods here applied are available in the somewhat extensive literature on
the subjet [1, 2, 3, 4, 5, 6, 7, 8℄ so we shall avoid detailed algebrai steps whih the reader may
easily nd in any of the works here ited.
We onsider a dilute binary mixture of harged partiles with masses ma, mb; harges ea =
−eb = e taking Z = 1 merely for didati purposes. The number density n = na + nb and the mass
density ρ = mana +mbnb where ni is the number density of speies i (i = a, b). The elds ~E and
~B ating on the system are the self-onsistent elds as determined from Maxwell's equations and
the possibility of having an additional external magneti eld is taken are o by dening the total
eld
~BT = ~B+ ~B
(ext)
. These elds are inluded in Boltzmann's equation through the Lorentz fore
[9℄ so that if fi (~r, ~vi, t) is the single partile distribution funtion for speies i this equation reads
as
∂fi
∂t
+ ~vi · ∂fi
∂~r
+
1
mi
(
~Fi + ei~vi × ~B
)
· ∂fi
∂~vi
=
b∑
j=a
J (fifj) . (1)
Here, the eletri eld is inluded as part of the total onservative fore.
~Fi = ~F
(ext)
i + ei
~E (2)
and
J (fifj) ≡
∫
...
∫ {
fi (~v
′
i) fj
(
~v′j
)− fi (~vi) fj (~vj)}σ (~vi, ~vj → ~v′i, ~v′j) d~vj d~v′i d~v′j (3)
where the primes denote the veloities after a ollision
(
~vi, ~vj → ~v′i, ~v′j
)
and the probability that
this ollision ours satises mirosopi reversibility namely,
σ
(
~vi, ~vj → ~v′i, ~v′j
)
= σ
(
~v′i, ~v
′
j → ~vi, ~vj
)
i, j = a, b (4)
In words, Eq. (4) guarantees the existene of inverse ollisions among the two speies.
For our purposes, we onentrate on a general feature of Eq. (1), namely the derivation of the
onservation equations for the hosen loal variables: ρi (~r, t) the loal mass density for speies
i, ρ~u (~r, t) the loal barientri momentum per unit volume and the loal internal energy density
ε (~r, t). In fat multipliation of Eq. (1) by mi, mi~vi and
1
2miv
2
i and integration over ~vi leads
eortlessly to the following results:
i) Mass onservation equation,
∂ρi
∂t
+∇ · (ρi~u) = −∇ · ~Ji (5)
where ~u, the baryentri veloity, is dened as
ρ ~u (~r, t) =
b∑
i=a
ρi~ui (~r, t) (6)
with
~ui (~r, t) =
1
ni
∫
fi (~r, ~vi, t)~vid~vi ≡ 〈~vi〉 (7)
3and learly
〈ψ〉 = 1
ni
∫
fi (~r, ~vi, t)ψ (~vi) d~vi (8)
The diusive ux
~Ji is
~Ji = mi
∫
fi (~r, ~vi, t)~cid~vi = mini 〈~ci〉 (9)
and the thermal or random veloity ~ci is simply given by ~ci = ~vi − ~u (~r, t). From these denitions
it follows readily that
~Ja + ~Jb = ρa 〈~ca〉+ ρb 〈~cb〉 = 0.
ii) Momentum onservation equation,
∂
∂t
(ρ~u) +∇ · (τk + ρ~u~u) =∑
i
ni ~Fi + ~JT × ~B (10)
where the total harge urrent
~JT is dened as
~JT =
b∑
i=a
niei 〈~vi〉 (11)
and the stress tensor is given by
τk =
b∑
i=a
mi
∫
fi (~r, ~vi, t)~ci~cid~vi (12)
Notie that aording to Eq. (12) τk is a symmetri tensor. Also, in Eq. (10) ~Fi is the total onser-
vative fore ating on speies i inluding the eletri eld ~E.
iiI): Internal energy equation,
ρ
∂
∂t
(
ε
ρ
)
+∇ · ~JQ + τk : ∇~u− ~Jc · ~E′ = 0 (13)
where
ρ ε (~r, t) =
∑
i
1
2
ρi
〈
c2i
〉
(14)
The heat ux
~JQ is given by
~JQ =
∑
i
1
2
ρi
〈
~cic
2
i
〉
(15)
and the ondutive urrent
~Jc is dened as
~Jc =
∑
i
niei 〈~ci〉 (16)
4Finally,
~E′ = ~E + ~u × ~B is the eetive" eletri eld that is, the eld measured by an observer
moving with the barientri veloity ~u.
It is important to underline the fat that the set of onservation equations (5), (10) and (13) is
inomplete. Indeed we have six independent variables and six equations, but all the urrents are
unknown,
~Ji, ~Jc, ~JQ and τ
k
. In order to derive a omplete set of equations we need to express these
urrents as funtions of the loal state variables whih implies learly that we must solve Eq. (1)
for fi (~r, ~vi, t) and somehow introdue the loal variables in the solution.
But there is another ingredient that we must require form our solutions. We want to write the
two important urrents namely
~JQ and the ondution urrent ~Jc in terms of the gradients in the
system. This implies seeking relations suh as
~JQ = −κ∇T − T ∇φ
~Jc = −B∇T − σ∇φ (17)
sine
~E = −∇φ. These are the linear ux-fore relations as demanded by CIT where the transport
oeients κ, σ, T and B have to be determined. Here κ and σ are the ordinary thermal and
eletrial ondutivities whereas T and B are the so alled Thomson's and Benediks oeients
respetively. Their form will be radially modied by the presene of a magneti eld ontrary to
the ase where
~B = 0 and only an eletrial eld is present. Notie also that from the denition of
~Ja, the fat that ~Ja + ~Jb = 0 and the denition of ~Jc,
~Jc =
ma +mb
mamb
ea ~Ja (18)
so the mass and ondution urrents are proportional among eah other. We shall not pursue
diusive eets here as they have been reported elsewhere [10℄.
III. THE TRANSPORT COEFFICIENTS AND LINEAR LAWS
To ahieve the program outlined in the previous setion, we proeed with the solution of Boltz-
mann's equation. The rst stage of this task is standard in the literature [1, 2, 3, 4, 5, 6, 7, 8℄ so we
merely outline the main steps. One assumes that the single partile distribution funtion may be
expanded in a power series of the Knudsen parameter ǫ whih is a measure of the spatial gradients
of the loal variables in the system. This series is taken using the loal Maxwellian distribution
as a referene state sine this funtion is, as well known, a solution to the homogeneous term, the
ollisional term in Eq. (1). Moreover this expansion holds for times muh longer than the ollision
times so that the distribution funtion is assumed to be a time independent funtional of the on-
served densities. Known in the literature as the Hilbert-Chapman-Enskog expansion it thus reads
as
fi (~r, ~vi, t) = f
(0)
i (~r, ~vi|)
[
1 + ǫϕ
(1)
i (~r, ~vi|) + ...
]
, (19)
here f
(0)
i is the loal Maxwellian distribution funtion and the dash in all funtions in the right side
of Eq. (19) implies the time dependene through ni (~r, t), ~u (~r, t) and ε (~r, t).
After Eq. (19) is substituted bak into Eq. (1) and realling that the zeroth order in ǫ term is just∑b
j=a J (fifj) = 0, whose solution is f
(0)
i , one obtains the linearized Boltzmann equations for ϕ
(1)
i
whose solutions are known to be of the form
ϕ
(1)
i = Bi : ∇~u+ ~Ai · ∇ lnT + ~Di · ~dij i, j = a, b (20)
5Equations (20), the rst order in ǫ solutions to Eq. (1) haraterize the well known Navier-Stokes-
Fourier regime of magnetohydrodynamis. In Eq. (20)
~dij ≡ ∇
(ni
n
)
+
ninj
n
(
mj −mi
ρ
) ∇p
p
+
ninj
ρp
(miej −mjei) ~E′ = −~dji , (21)
where p = nkT is the loal pressure and the temperature is introdued through the standard ideal
gas relationship, namely, ε (~r, t) = 32kT (~r, t). The vetor
~dij is alled the diusive fore and
ontains two main ontributions, the rst two terms related to ordinary and pressure diusion and
the third and fourth terms, the diusive eet arising from the of eletromagneti elds. Also, in this
expression we have assumed that no external fores are ating on the plasmas,
~F
(ext)
i = 0, i = a, b.
In what follows we shall ignore the tensorial term Bi : ∇~u sine by Curie's priniple [11℄, it will
not ouple with rst rank tensors suh as ∇T and ~E′. Also, the struture of the vetors ~Ai and
~Di and is not arbitrary. They must be linear ombinations of the independent vetors available, ~ci,
~ci × ~B and
(
~ci × ~B
)
× ~B. Therefore,
~Ai = A
(1)
i ~ci + A
(2)
i ~ci × ~B + A(3)i
(
~ci × ~B
)
× ~B , (22)
and a similar expression for
~Di. The salar funtions A
(1)
i , A
(2)
i and A
(3)
i may depend on all salar
quantities suh as c2i , B
2
,
(
~ci · ~B
)2
, ni, T and so on. The next step is to expand these funtions in
terms of a omplete set of funtions namely, the Sonine polynomials. For instane,
A
(1)
i =
∞∑
m=0
a
(1)(m)
i S
(m)
3/2
(
c2i
)
, (23)
and similar expressions for A
(2)
i , et. Use of Eqs. (22) and (23) in Eq. (20) allows a formal omputa-
tion of the uxes in the system. Let us assume that mb ≫ ma, mb and ma assoiated with the mass
of a proton and an eletron, respetively, in a hydrogen plasma. Sine then,
~Jc =
e
ma
~Ja we nd,
using Eqs. (9), (20), (22), and (23) as well as the orthogonality onditions of Sonine polynomials
that
~Jc =
enak
ma
{
a(1)(0)a ∇T + a(2)(0)a ∇T × ~B + a(3)(0)a
(
~B · ∇T
)
~B
+T
[
d(1)(0)a
~d
(e)
ab + d
(2)(0)
a
~d
(e)
ab × ~B +
(
~B · ~d(e)ab
)
~B d(3)(0)a
]}
, (24)
This result is quite interesting. Out of the innite number of oeients required to haraterize the
salar funtions A
(j)
a , D
(j)
a (j = 1, 2, 3) as illustrated by Eq. (23), only one oeient is neessary
for eah of these funtions in order to ompute the ondution urrent. These oeients an
be obtained from the solution of the integral equations that suh funtions must obey and whose
solutions will not be disussed here. The proedure to obtain them is, one more, a standard
tehnique in kineti theory and we refer the reader to the available literature if he wishes to purpose
the details [1, 2, 3, 4, 5, 6, 7, 8℄. In Eqs. (24)
~d
(e)
ab is the eletromagneti ontribution of the diusive
fore
~d
(e)
ab =
nanb (ma +mb) e
pρ
~E′ (25)
6To obtain the expression for the heat ux we must rst reall a result from CIT. For a multiom-
ponent system the standard denition of heat ux is [11℄
~J ′Q =
~JQ −
∑
r
hr
~Jr
mr
(26)
where hr is the enthalpy of the r
th
omponent whih is equal to
5
2kT for an ideal gas. In kineti
theory the analog of this equation is learly given by
~J ′Q = kT
b∑
i=a
∫ (
mic
2
i
2kT
− 5
2
)
~cif
(0)
i ϕ
(1)
i d~ci (27)
where use has been made of Eqs. (9), (15), and (19) realling that
~J ′Q = 0 in the loal equilibrium
state.
Now, when Eq. (20) is substituted in Eq. (27) the term
~Ai · ∇T gives rise to the ordinary Fourier
heat ondution. With all its modalities arising from the presene of a magneti eld, this has been
thoroughly studied in a separate paper [12℄ so we shall not deal with it here. However the term
from Eq. (25) of our interest here, is the one giving rise to the eletromagneti inuene on the heat
urrent and reads as,
~J
(e)
Q =
5
2
(kT )
2
b∑
i=a
ni
mi
(
~d
(e)
ab d
(1)(1)
i + d
(2)(1)
i
~B × ~d(e)ab + d(3)(1)i
(
~B · ~d(e)ab
)
~B
)
(28)
To analyze Eqs. (24) and (28) we onsider a artesian oordinate system and let
~B point along the
z-axis, ~B = Bkˆ, kˆ being the unit vetor. Then for any salar N , we dene,
∇‖N ≡
∂N
∂z
; ∇⊥N ≡ ∂N
∂x
iˆ+
∂N
∂y
jˆ ; ∇sN ≡ ∂N
∂x
jˆ − ∂N
∂y
iˆ (29)
the last denition orresponding to a vetor perpendiular to both the parallel and perpendiular
omponents, respetively. Let us now apply Eq. (29) to our urrents. The thermal ontribution to
the ondution urrent reads
~J (T )c =
nake
ma
{(
a(1)(0)a +B
2a(3)(0)a
)
∇‖T + a(1)(0)a ∇⊥T +B a(2)(0)a ∇sT
}
(30)
This is the rst important result in this paper, sine it ontains all the thermoeletrial eets in
the plasma when a magneti eld is present. Notie that if
~B = 0
~J (T )c = −T ∇T (31)
as required by CIT. T is the standard Thompson thermoeletri oeient whih turns out to be
given by
T = 5.334nake
me
τ (32)
where, τ , the mean ollision time alulated from the ollision integrals [8, 10℄ is shown to be given
by
τ =
24π3/2ǫ20
√
me
nψe4
(kT )
3/2
(33)
7and ǫ0 = 8.554 × 10−12F/m is the eletrial onstant. In the presene of a magneti eld there
are, besides the urrent parallel to the z-axis unaeted by the eld, two additional ontributions.
Firstly a urrent along ∇⊥T , perpendiular to ~B, with a "perpendiular Thomson oeient"
T⊥ = nakeτ
ma∆1 (x)
(−3.1× 10−4x4 + 68x2 + 8.53) (34)
where x = ωτ , ω = eBme , Larmor's frequeny, τ is given by Eq. (33), ψ is the so-alled logarithmi
funtion
ψ = ln
[
1 +
(
16πkT ǫ0
e2
λD
)2]
(35)
and λD is Debye's length dened by
λD =
(
ǫ0kT
ne2
)1/2
(36)
In Eq. (34) we also used the result that
a(1)(0)a =
τ
∆1 (x)
(−3.1× 10−4x4 + 68x2 + 8.53) (37)
with
∆1 (x) = 4.7× 10−4x6 + 100x4 + 32x2 + 1.6 (38)
as obtained from the solution of the integral equations [8, 10℄.
Finally, there is a third urrent in a diretion both perpendiular to
~B and to ∇⊥T whih
resembles a "thermal Hall eet". The orresponding transport oeient is
Ts = naek
ma
B a(2)(0)a (39)
with
B a(2)(0)a =
τ
∆1 (x)
(
7.8× 10−5x3 + 17x) (40)
To get a lear idea of how these eets ompare to eah other, the three oeients are plotted in
Fig. 1 as funtions of x. Emphasis must be made on the fat that x is a funtion of n, B and T so
that it must be handled with are when seeking orders of magnitude.
Next we examine the inuene of the eetive eletromagneti eld on the ondution urrent.
Using the deomposition given in Eq. (29) one may write that
~J (e)c =
e nakT
ma
{(
d(1)(0)a +B
2d(3)(0)a
)
ΓEz kˆ + d
(1)(0)
a
(
~d
(e)
ab
)
⊥
+B d(2)(0)a
(
~d
(e)
ab
)
s
}
(41)
where (
~d
(e)
ab
)
⊥
=
[
(Ex + uyB) iˆ+ (Ey − uxB) jˆ
]
Γ
(
~d
(e)
ab
)
s
=
[
(Ex + uyB) jˆ − (Ey − uxB) iˆ
]
Γ
(42)
8and
Γ =
nanb (ma +mb) e
pρ
(43)
Using now the fat that mb ≪ ma = me, p = nkT , the denition of ρ and assuming a fully
ionized plasma so that na = nb =
n
2 , Eq. (41) may be rewritten as,
~J (e)c = σ‖Ezkˆ + σ⊥
(
~d
(e)
ab
)
⊥
+ σs
(
~d
(e)
ab
)
s
(44)
whih is the seond important result in this paper. First notie that if B = 0, from Eq. (44),
σ‖ = σ⊥ = σ and sine ~E = −∇φ
~J (e)c = −σ‖∇φ (45)
This is the well known form for Ohm's law where
σ‖ =
eΓnakT
ma
d(1)(0)a (46)
whih, under the onditions mentioned above and using the value of d
(1)(0)
a = 4.31τ extrated from
the solution to the integral equations, gives
σ‖ =
25.92π3/2ǫ20√
mae2ψ
(kT )3/2 (47)
This is the ordinary eletrial ondutivity as, aside from minor numerial dierenes, rst derived
by Spitzer [13, 14, 15℄ and later by Braginski [16℄ and Balesu [9℄. The transversal eletrial
ondutivity, when the value for d
(2)(0)
a is used, turns out to be
σ⊥ =
6π3/2ǫ20 (kT )
3/2
√
mae2ψ
(
9.52× 104x4 + 20.6x2 − 13
∆2 (x)
)
(48)
and σs, whih orresponds to a "Hall like eet", turns out to be
σs =
6π3/2ǫ20 (kT )
3/2
√
mae2ψ
(
0.109x5 + 2.18× 104x3 + 965x
∆2 (x)
)
(49)
where
∆2 (x) = 1.61x
6 + 3.5× 105x4 + 1.65× 104x2 + 3.01 (50)
To appreiate the order of magnitude of these oeients they are plotted in Fig. 2 as funtions
of x. Moreover it is worth pointing out that from Eq. (48) it is easily veried that limB→0 σ⊥ = σ‖
and limB→0 σs = 0, as seen from Eq. (49).
The last item we want to deal here with onerns the inuene of
~E′ on the heat urrent whih,
aording to Eqs. (28), (29) and (42), is given by
~J
(e)
Q =
5
2
(kT )
2
b∑
i=a
ni
mi
Γ
[(
d
(1)(1)
i +B
2d
(1)(3)
i
)
Ezkˆ + d
(1)(1)
i
(
~d
(e)
ab
)
⊥
+Bd
(2)(1)
i
(
~d
(e)
ab
)
s
]
(51)
9If
~B = 0 and assuming a fully ionized hydrogen plasma, using the value for d
(1)(1)
i obtained from
the solution to the integral equations one nds that
~J
(e)
Q = −B‖∇φ (52)
where
B‖ =
15.9π3/2ǫ20me
e2ψ
(
kT
me
)5/2
(53)
the so-alled eletropyrosis or Benediks eet [17℄. When
~B 6= 0 and using the results for the
oeients d
(1)(1)
i and d
(2)(1)
i one obtains for the two other oeients, namely
B⊥ = 15π
3/2ǫ20me
e2ψ
(
kT
me
)5/2
5.04× 10−3x4 + 1.09× 103x2 + 3.2
∆2 (x)
(54)
and limB→0 B⊥ = B‖ and also
Bs = 15π
3/2ǫ20me
e2ψ
(
kT
me
)5/2
0.0295x3 + 222x
∆2 (x)
(55)
∆2 (x) dened in Eq. (50). This eet has been systematially ignored in the study of transport
proesses in plasmas. The importane of the three oeients is exhibited in Fig. 3.
IV. DISCUSSION OF THE RESULTS
The results obtained for the nine transport oeients derived in the previous setion is important
for several reasons, mainly beause with one single exeption, they have been ignored in the study
of transport proesses in plasmas. Let us begin with the thermoeletri or Thomson oeients.
To our knowledge the only other derivation of these quantities is that given by Balesu in his
exellent monograph in the subjet [9℄. Nevertheless his derivation starts from Landau's version
of Boltzmann's equation whih is a Fokker-Plank type equation [18℄. This implies in words that
transport proesses in plasmas may be visualized as diusive proesses. Moreover the solution of
that kineti equation is arried out using a moment-like expansion a la Grad whih is dierent in
spirit from the Hilbert-Chapman-Enskog expansion [19, 20℄. Here we use the latter to solve the full
Boltzmann equation, whih in turn is not a diusive like approximation. In Fig. 4 we ompare our
results for T⊥ and Ts with those of Balesu showing expliitly that although qualitatively similar
there are dierenes in the two methods.
For the eletrial ondutivity the story is quite dierent. As mentioned earlier, it was rst
derived by Spitzer et al in 1950 [13℄ using a diusion equation and later by Spitzer and Härm [14℄
from a Fokker-Plank equation similar to the one used in his previous paper, but making a mild
attempt to obtain the linear-onstitutive laws. In both ases they obtain, for
~B = 0, the (kT )
3/2
dependene as in Eq. (47) with minor numerial dierenes in the respetive oeients. Later,
Balesu repeated this alulation methodially [9℄ and obtained the three ondutivities for the
~B 6= 0 ase.
Finally, the Benediks oeients are ompletely new, to our knowledge they have never been
reported elsewhere. This leads us to the nal remark in this work, namely, when formulating
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magnetohydrodynami equations it is onvenient to assess if, in the range of densities, tempera-
tures and values of the magneti elds, these ross eets may be negleted. Otherwise important
onsequenes will be absent in the ensuing results.
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Figure Captions
Fig. 1. The values of the three thermoeletri oeients for n = 1021cm−3 and T = 107K.
The solid line is T‖, the dashed line T⊥ and the dotted line Ts.
Fig. 2. The values of the three eletrial ondutivities for n = 1021cm−3 and T = 107K. The
solid line is σ‖, the dashed line σ⊥ and the dotted line σs. Notie the predominane of
σs over σ‖ for a ertain range of values of x.
Fig. 3. The Benediks oeients for n = 1021cm−3 and T = 107K. The solid line is B‖, the
dashed line B⊥ and the dotted line Bs.
Fig. 4. The ratio T⊥/T‖ (dashed) and TS/T‖ (dotted) is plotted (right) and ompared with the
orresponding Balesu's results (left), as in Ref. [9℄.
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